Repeat purchasing, i.e., a customer purchasing the same product multiple times, is a common phenomenon in retail. As more customers start purchasing consumable products (e.g., toothpastes, diapers, etc.) online, this phenomenon has also become prevalent in e-commerce. However, in January 2014, when we looked at popular e-commerce websites, we did not find any customer-facing features that recommended products to customers from their purchase history to promote repeat purchasing. Also, we found limited research about repeat purchase recommendations and none that deals with the large scale purchase data that e-commerce websites collect. In this paper, we present the approach we developed for modeling repeat purchase recommendations. This work has demonstrated over 7% increase in the product click through rate on the personalized recommendations page of the Amazon.com website and has resulted in the launch of several customer-facing features on the Amazon.com website, the Amazon mobile app, and other Amazon websites.
products (e.g., books, clothing, groceries, etc.) and to use a variety of other services (e.g., music listening, video streaming, etc.). Recommendations are shown throughout these Amazon experiences to help customers with their shopping needs. These recommendations help customers discover new products (or content) and help them complete their shopping missions. They are both personalized (e.g., Recommended for you) and non-personalized (e.g., Customers who bought this item also bought).
Majority of the recommendations on Amazon.com and other websites today are built around the following core idea: Given that a customer has purchased (or viewed or rated) a specific set of products, can we recommend other similar products that they are likely to purchase [15, 17] . The algorithms that power these recommendations are generally based on collaborative filtering [17] and websites often have many customer-facing features that make these recommendations using various strategies [4, 9, 15] . More recently, deep learning based methods have been explored to generate these recommendations [3, 18] .
However, there is another aspect of recommendations that has been explored much less. The idea is the following: Given that a customer has purchased a specific set of products, can we recommend them products from their purchase history that they are likely to purchase again. We call these repeat purchase recommendations. The repeat purchasing phenomenon is certainly prevalent for consumable products (e.g., toothpastes, diapers, cat food, etc.). But our analysis shows that repeat purchase behavior is present even in other categories like electronics, computers, etc. (e.g., HDMI cables, memory cards, etc.). Similar repeat behavior also exists in scenarios such as music listening where customers are likely to listen to their favorite songs again and again, where the behavior can be called repeat listening. In this setting, timely recommendations of such 'deemed' repeat purchasable products (or repeat listen for the music scenario) may serve as reminders and can provide immense value to customers. Crucial to the success of this recommendation strategy is to predict if a customer is likely to repeat purchase a product, and if so, when is the right time to recommend it to them.
To explore this specific aspect of recommendations, we did a deep dive into academic literature to learn if other researchers have worked on modeling repeat purchase recommendations. While we could not find much work in the area of recommendations, we found some good references for research on related problems in the area of marketing science. Marketing science literature has looked at the problem of modeling repeat purchase behavior with focus on predicting aggregate customer behavior and predicting long term impact of a customer's repeat purchase behavior. A few different models have been proposed in that area. For example, the Negative Binomial Distribution (NBD) model [6, 10] , models the repeat buying behavior of customers for consumer brands (e.g., brands of shampoos). Given the repeat purchasing behavior of a sample set of customers over an extended time period (e.g., 12 weeks), the goal is to predict how many customers will repeat buy the same brand 0 times, 1 time, 2 times, etc. in an upcoming fixed time period (e.g., four weeks). Other models that try to model similar problems are the Erlang-2-Gamma model [2] which looks at brand prediction, the Pereto-NBD [16] which looks at finding customers who are likely to do business again with a company based on past transaction, the Beta-geometric-NBD (BG-NBD) [8] which focuses on predicting the life time value of a customer for a company, and some other models that focus on analyzing a company's customer base [7, 12] .
More recently, Kapoor et al. [14] developed models for predicting the return time of a user coming back to a website based on Cox's proportional hazards model. Building on this work, Kapoor et al. [13] developed a semi-Markov model to predict the revisit time for familiar items by users. Their model accounts for latent psychological factors such as sensitization and boredom involved in repeat consuming the same items. Further, they propose creation of a recommender based on their predictive model and provide offline metrics on the performance of their recommender on publicly available user activity datasets. In this context we should note that our problem and our approach are much different than the work in Kapoor et al. [13, 14] .
Another related work that is worth citing here is that of Dey et al. [5] who introduced a model for making broader estimates of repeat purchases of products by customers over longer time durations. This model is based on an approach similar to the NBD model [6] and assumes that subsequent repeat purchases of products by customers are not correlated with each other. Since their model generates a broad estimate similar to the NBD model [6] , Dey et al. [5] note that their model should be used for improving the time sensitivity of recommendations generated by existing recommender systems and not for generating standalone repeat purchase recommendations. While our goal and the models discussed in this paper are both different than the approach presented in Dey et al. [5] , this is one work we found in the area of recommendations that looks at repeat purchasing of products. In the context of this work, we should note that our models (patent pending) were developed independently and prior to the publication of work by Dey et al. [5] .
More generally, we should note that our specific goal is to create standalone repeat purchase recommendations which is different from the goals in the work described above. Also, in the context of generating standalone repeat purchase recommendations, both our intuition and the observed shopping data for consumables products such as paper towels, toilet papers, etc. on Amazon requires us to develop models that carefully capture the time correlations between subsequent repeat purchases of products by customers. This is because the time at which a customer is likely to repeat purchase such a product depends on when they last purchased it and how quickly they run out of it. This is another difference between our work and the other work discussed above.
In this paper, we present the various models we developed to introduce and launch repeat purchase recommendations on the Amazon.com website leading to over 7% increase in the product click through rate on its personalized recommendations page. The remainder of the paper is organized as follows: Section 2 describes our modeling approach; Section 3 describes the different models we developed for repeat purchase recommendations; Section 4 presents an analytical comparison of our different models; Section 5 and Section 6 summarize our offline and online experiments respectively; and Section 7 presents our conclusion and future work.
MODELING APPROACH
Before we begin discussing our models for repeat purchase recommendations, we want to discuss some key intuitions that informed our modeling decisions. In this section, we first present these intuitions and then we formally define our problem.
Modeling Intuition
As we think about modeling repeat purchase recommendations, a few approaches come to mind. One approach is to rank repeat purchase recommendations of a customer in the descending order of the number of times they repeat purchased the products. Intuitively, this makes sense since if a customer repeat purchased a specific product multiple times, we can expect them to do so again. However, for scenario's such as diaper purchases, where customers are likely to make frequent purchases of diapers within a window of time and none outside the window of time, the diapers might still rank high in the recommendations even though they are not timely relevant to them anymore. This would lead us to think of a time-decay based model where the repeat purchase score is decayed based on some pre-specified half-life (or lives). But this approach has a problem too: such a time-decay based model would assign the highest score to a product right after the repeat purchase has been made thus increasing its rank in the recommender. In contrast, the need for a customer to repeat buy a product immediately after their purchase of the product is likely to go down. Hence, this approach is counter-intuitive as well, at least for consumable products. Thus, it is crucial to model the time based relevancy of products to customers while modeling their repeat purchase recommendations.
This brings us to the second approach, which is to assume that repeat purchasing of products by customers is a periodic phenomenon. Intuitively, this makes sense as well. If we think about a product like the protein bar, we can expect a certain rate of consumption (e.g., one bar per day) and thus correspondingly expect a certain periodicity of repeat purchase (e.g., one box every two weeks).
A third approach and a natural extension would be to assume that both the above factors, i.e., the number of times a customer repeat purchased a product and their repeat purchase periodicity play an important role (and there are perhaps other factors as well like the product category, etc.) in the problem of repeat purchase recommendations. In this paper, we will explore a few such approaches.
Problem Formulation
We formally define the problem of repeat purchase recommendations as follows: Given a customer's history of product purchases (including repeat purchases), we would like to estimate the probability of the customer repeat purchasing a product as a function of time from their last purchase of that product. In other words, say a customer C j purchased a product A i k times in the past with time intervals t 1 , t 2 , t 3 ... t k , we would like to estimate the purchase probability density
A hidden assumption that is made while writing Equation 1 is that the purchase events of different products are independent of each other.
A second assumption that we make is that Equation 1 is decomposable into two major components:
(2) where the first term in the r.h.s. of Equation 2 Q(A i ) is the repeat purchase probability of a customer buying a product a (k + 1) th time given that they have bought it k times and the second term R A i is the distribution of t k+1 , conditioned on the customer repurchasing that product; indicated by A i = 1.
A third simplifying assumption we make is that the time distribution
In view of clarity, it is worth mentioning that while
REPEAT PURCHASE RECOMMENDATIONS MODELS
Based on the framework described in Section 2.2, we present various models for repeat purchase recommendations.
Repeat Customer Probability Model
The first model that we consider is a simple time independent frequency based probabilistic model that uses aggregate repeat purchase statistics of products by customers. For each product A i , we compute its repeat customer probability (RCP) as shown below:
RCP A i = # customers who bought product A i more than once # customers who bought the product A i at least once (3) The simplifying assumption we make is that
is approximately given by RCP A i , i.e., we assume:
and ignore the time factor altogether, i.e., we assume that R A i is a fixed constant r for all products A i . Additionally, to ensure that the quality of repeat purchase recommendations are good, a threshold is enforced on RCP A i such that only the products that satisfy Equation 5 are deemed repeat purchasable and vice-versa.
Finally, recommendations are generated by considering all the repeat purchasable products previously bought by customers and ranking them in the descending order of their estimated probability density P A i (t) at a given time t using Equation 4. As noted previously, the RCP model is a simple probabilistic model and it is our first model for repeat purchase recommendations. Given the model's simplicity, we treat the RCP model as our baseline that subsequent models should improve upon.
Aggregate Time Distribution Model
Our analysis shows that for most customers we only have a few repeat purchases for a specific product. But, for many products, we have a large number of customers who have repeat purchased those products. This leads to the idea of a time based model that uses aggregate repeat purchase behavior of a product across all repeat purchasing customers to determine its repeat purchase characteristics. Specifically, our goal is to determine the distribution of repeat purchase time intervals (t) of a product across all of its repeat purchasing customers. To determine this distribution, we selected a random sample of products. For each product in this sample, we looked at all customers who had repeat purchased that product and obtained the mean repeat purchase time interval for each of the customers. Figure 1 shows the distribution of repeat purchase time intervals of a random consumable product. Both in view of scalability as well as simplicity, we went down the route of fitting the observed repeat purchase intervals to various well known parametric distributions such as log-normal and gamma distributions, whose parameters were determined by the maximum-likelihood principle. Empirically, we found that the log-normal distribution, as defined by Equation 6 , had the best fit for most consumable products. Figure 2 shows the QQ plot for log-normal distribution fit of repeat purchase time intervals and Figure 3 shows the distribution of log repeat purchase time intervals for the same consumable product as Figure 1 . Thus, for every product that was deemed repeat purchasable, the parameters of the log-normal distribution are estimated in an empirical fashion [1] by fitting them to the repeat purchase time intervals (t) across all its repeat purchasing customers.
This leads to a simple recommendations model where R A i is estimated using Equation 6 . The second assumption we make is that Q(A i ) is a fixed constant q for all products A i at any given time t. Additionally, as noted previously, only the products that satisfy Equation 5 are deemed repeat purchasable and vice-versa. Finally, recommendations are generated by considering all the repeat purchasable products previously bought by customers and ranking them in the descending order of their estimated probability density P A i (t) at a given time t using Equation 2. We call this model the Aggregate Time Distribution (ATD) model. It should be noted that while simple, we are not aware of any previous work where the ATD model was used to generate repeat purchase recommendations. 
Poisson-Gamma Model
In Section 1, we described several models from the marketing science literature that focused on modeling repeat purchase behavior in the context of predicting aggregate customer behavior and predicting long term impact of a customer's repeat purchase behavior. While none of these models were developed in the context of repeat purchase recommendations for individual customers, these models do have an inherent prediction model that can help in generating and ranking recommendations. The NBD model [6, 10] , the seminal academic work in this field, is based on the following assumptions: Figure 3 : Distribution of log repeat purchase time intervals (t) of a random consumable product across all its repeat purchasing customers
(1) Assume that a customer's repeat purchases follow a homogeneous Poisson's process with repeat purchase rate λ. In other words, they assume that successive repeat purchases are not correlated with each other. (2) Assume a gamma prior on λ, i.e., assume that λ across all customers follows a Gamma distribution with shape α and rate β. Thus, the NBD model is Bayesian model where the evidence is distributed as a Poisson and the prior on λ is a gamma prior. Hence this is also called the Poisson-Gamma model (PG).
In the PG model, the parameters of the product-specific gamma distributions are estimated in an empirical fashion [1] by fitting them to the maximum likelihood estimates of the purchase rates of repeat purchasing customers. Then, a Bayesian estimate of the customer's repeat purchase rate is performed by combining the prior distribution with customer's own past purchase history using Equation 7
where α A i and β A i are the shape and rate parameters of the gamma prior of product A i ; k is the number of purchases of product A i by customer C j ; and t is elapsed time between the first purchase of product A i by customer C j and the current time. This leads to a recommendations model where R A i is assumed to be a poisson distribution where the rate parameter is estimated using Equation 7 and the probability mass is estimated using Equation 8
where m is the number of expected future purchases. The second assumption we make is that Q A i is a fixed constant q for all products A i at any given time t. This assumption is similar to the one made in the ATD model. Additionally, similar to the RCP and ATD models, only the products that satisfy Equation 5 are deemed repeat purchasable and vice-versa. Finally, recommendations are generated by considering all the repeat purchasable products previously bought by customers and ranking them in the descending order of their estimated probability density P A i (t) at a given time t using Equation 2.
It should be noted, this method where the prior distribution is estimated from data is known as the Empirical Bayesian method which contrasts with the standard Bayesian methods where the prior distribution is assumed to be fixed before any data are observed. More specifically, the PG model is a Parametric Empirical Bayes model which can be considered an approximation of a fully Bayesian hierarchical model where the likelihood and prior take on simple parametric forms. This significantly simplifies the final model. It should also be noted that the Bayesian formulation ensures that we are able to combine a customer's own purchase behavior with the aggregate purchase behavior for a particular product which makes this model inherently personalized. Finally, it should be noted that while the PG has been used in past to solve different problems [6, 10] , this is the first work that uses this model for generating standalone repeat purchase recommendations.
Modified Poisson-Gamma Model
The original PG model was developed in the context of predicting aggregate purchasing behavior. Thus while it can be used for making predictions for an individual customer, some of its assumptions are counter intuitive in terms of personalized recommendations.
Specifically, the homogeneous Poisson assumption may not be accurate across all product categories, especially for product categories such as consumables. This is so because from a theoretical standpoint, in a homogeneous Poisson's process, the probability of occurrence of events is a constant and is independent of time. An easy way to understand this is to realize that a Poisson's process is a limiting case of a sequence of Bernoulli processes in the limit of large N and small constant probability and is memoryless. For the case of customer purchase behavior in a number of product categories, this is not expected to be the case, since if a customer bought a product, their need for buying the same product immediately following their current purchase is small and with time this need changes (assuming they have a certain affinity to buy this product at all).
Further, even though a homogeneous Poisson's process is a constant rate process, the estimate of this constant rate as performed by Equation 7 does vary with time. Say, a customer repeat bought a product A i k th time t time units after its first purchase. The best estimate of the purchase rate just before the k th repeat purchase (see Equation 7 ) is (k − 1 + α)/(t − + β) and right after is (k + α)/(t + + β). Note that the estimated purchase rates right after the purchase is larger than right before the purchase. While this is a reasonable estimate for an assumed 'constant' rate of purchase, using that for ranking the recommendations leads to a situation where a product's estimated purchase rate is largest right after its previous purchase. This is in direct contrast to what one would expect, realistically.
Another issue with the standard PG model is that while it models a products time-distribution, it does not incorporate the product's time-independent repeat customer probability, i.e., RCP into the model. It only uses RCP for filtering. However, RCP is an important time-independent signal that can be incorporated into the recommendations model itself. To address these issues, we propose a modification to the PG model and call the new model the Modified Poisson-Gamma model (MPG).
The MPG model makes the following assumptions:
(1) Assume that a customer's successive purchases are correlated and the repeat purchases follow a process that we call the Modified-poisson process. This process uses a single repeat purchase rate parameter λ and assumes that λ is dependent on the last time the customer repeat purchased that product. In this regard this process is distinct from the homogeneous Poisson's process assumed in the PG model. (2) Assume a gamma prior on λ, i.e., assume that λ across all customers follows a Gamma distribution with shape α and rate β.
Now, similar to the PG model, the parameters of the product-specific gamma distributions are estimated in an empirical fashion [1] by fitting them to the maximum likelihood estimates of the purchase rates of repeat purchasing customers. However, to address the specific issues noted with the computation of a customer's personalized repeat purchase rate in the PG model, we propose a modification to Equation 7 . The proposed change relies on the fact that we can estimate a customer's known mean repeat purchase time interval for a specific product based on their first and last purchase of that product. This is our best estimate for their mean repeat purchase time interval based on the observed data. So, ideally our model should assign the highest repeat purchase rate at the observed mean. Moreover, if the estimated purchase rate increased gradually till we reach the observed mean time interval and goes down gradually after that, that would match the expected customer repeat purchase behavior. We accomplish these by making some modifications to the purchase rate calculation for the PG model. Specifically, we assume that t pur ch is elapsed time interval between the first and last purchase of product A i by customer C j ; t is the elapsed time interval between the last purchase of product A i by customer C j and the current time; and t me an is the estimated mean repeat purchase time interval between successive purchases of product A i by customer C j . When t < 2 * t me an we estimate the purchase rate for the MPG model using Equation 9
and where α A i and β A i are the shape and rate parameters of the gamma prior of product A i ; k is the number of purchases of product A i by customer C j . Additionally, when t ≥ 2 * t me an , we estimate the purchase rate for the MPG model using Equation 7 . This entails that we choose 2 * t me an as the partition point after which the MPG model becomes the same as the PG model. This is because Equation 9 ensures that the purchase rate λ A i ,C j increases gradually from t = 0 to t = t me an , achieves its peak value at t = t me an , and decreases gradually from t = t me an to t = 2 * t me an . This is what we would intuitively expect. At t = 2 * t me an , the value for λ A i ,C j can be obtained by using either Equation 7 or Equation 9 and is exactly the same. So at this point and beyond, the MPG model becomes the same as using the PG model and the value of λ A i ,C j continues to decrease. This leads to a recommendations model where the purchase rate parameter λ A i ,C j is estimated using Equation 9 when t < 2 * t me an and using Equation 7 when t ≥ 2 * t me an . R A i is then assumed to be a poisson distribution and the probability mass is estimated using Equation 8 . The second assumption we make is that we can estimate Q(A i ) using its RCP A i , i.e., we assume Equation 4. This assumption is similar to that of the RCP model. Additionally, similar to all the previous models, only the products that satisfy Equation 5 are deemed repeat purchasable and vice-versa. Finally, recommendations are generated by considering all the repeat purchasable products previously bought by customers and ranking them in the descending order of their estimated probability density P A i (t) at a given time t using Equation 2.
ANALYTICAL MODEL COMPARISON
In this section, we present an analytical comparison of the different repeat purchase recommendations models -RCP model, ATD model, PG model, and MPG model -presented in Section 3.
For the purpose of illustration, let us imagine that there is a customer who has purchased paper towels and laundry detergent on Amazon. Let us assume that these paper towels have an estimated repeat customer probability = 0.22, i.e., RCP paper towels = 0.22; most customers repeat purchase these paper towels once every 2 months; and this customer has purchased these paper towels 4 times in the last 12 months. Similarly, let us assume that this laundry detergent has an estimated repeat customer probability = 0.21, i.e., RCP laundry detergent = 0.21; most customers repeat purchase this laundry detergent once every 3 months; and this customer has purchased the laundry detergent 3 times in the last 12 months. Finally, let us also assume that this customer last repurchased the paper towels 1 week ago and they last repurchased the laundry detergent 3 months ago. Given this scenario, let us compare the behavior of the different models.
Firstly, the RCP model -which only uses the time independent aggregate repeat purchase behavior of customers -will use the RCP A i to rank a customer's repeat purchase recommendations. It will thus always rank paper towels higher than the laundry detergent in the customer's repeat purchase recommendations.
On the other hand, the ATD model -which uses the aggregate distribution of repeat purchase time intervals across all its repeat purchasing customers -will take into account the fact that at an aggregate level customers repeat purchase the paper towels every 2 months and the laundry detergent every 3 months. It will also take into account that the customer most recently purchased the paper towels 1 week ago and the laundry detergent 3 months ago. It will thus rank the laundry detergent higher than the paper towels in the customer's repeat purchase recommendations. It should be noted that this behavior that uses the time signal is desired not only because it makes intuitive sense, but also because the RCP and ATD models are built with the stated goal of generating standalone repeat purchase recommendations. In this scenario, ignoring the time signal and recommending a customer the same product that they repeat purchased recently will result in a sub-optimal customer experience.
Thirdly, the PG model -which uses the customer's own posterior purchase rate for products -will compute the posterior purchase rates for paper towels and laundry detergent. Given the illustrative data above, the posterior purchase rate estimated by the PG model for paper towels is ≈ 5/14 = 0.36 and that of laundry detergent is ≈ 4/15 = 0.27. It will thus rank the paper towels higher than the laundry detergent in the customer's repeat purchase recommendations. Similar to the RCP model, this is will be the case even though the customer last repurchased the paper towels 1 week ago, but has not repurchased the laundry detergent in the last 3 months. However, in comparison to both the RCP and ATD models, the PG model uses the customer's own personalized repeat behavior and thus its predictions will be more accurate when a longer time frame is considered.
Finally, the MPG model -which takes into account the customer's own posterior purchase rate after adjusting for the last purchase time and the product's RCP A i -will compute the posterior purchase rates for paper towels and laundry detergent. Given the illustrative data above, the posterior purchase rate estimated by the MPG model for paper towels is ≈ 5/20 = 0.25 and that of laundry detergent is ≈ 4/14 = 0.29. It will also take into account the fact that RCP paper towels ≈ RCP laundry detergent and will thus rank the laundry detergent higher than the paper towels in the customer's repeat purchase recommendations. It is worth noting again that this behavior that uses both the time-dependent and time-independent signal is desired, especially when generating standalone repeat purchase recommendations, because ignoring the time signal and recommending a customer the same product that they repeat purchased recently will result in a sub-optimal customer experience.
OFFLINE EXPERIMENTS
In Section 4, we presented an analytical comparison of the different repeat purchase recommendations models -RCP model, ATD model, PG model, and MPG model -presented in Section 3. In this section, we present an empirical comparison of the same models based on the experiments we conducted to evaluate the quality of these models.
Data
We used a dataset containing customer purchases on Amazon as our training and test data. We held out one week of most recent customer purchases from this dataset for testing and used the last years of purchases made prior to this week for training. A customer and their product purchase were considered as a repeat purchase in the test period (most recent one week) if and only if the customer purchased a product in the training period ( years before the test period) and also purchased the same product sometime in the test period. 
Metrics
We used the industry standard evaluation metrics of precision and recall to evaluate the quality of our recommendations: precision measures the fraction of recommendations that are relevant and recall measures the fraction of relevant recommendations that have been retrieved. For recommendations, we look at recommendations at a specific rank m, and measure precision at rank m and also recall at rank m. Precision and recall are set based evaluation metrics. But in the context of recommendations, ranking is also important. So we also use a third industry standard metric called Normalized Discounted Cumulative Gain (nDCG) to evaluate the quality of our recommendations. Specifically, nDCG measures the quality of ranking at a specific rank m.
Results
We trained each of our models offline using the training data mentioned above. We then computed the precision, recall, and nDCG at various ranks using the test data and computed the lift in these scores as compared to our baseline, i.e., RCP model. Table 1 shows the lift in precision, recall, and nDCG metrics at rank m = 3 for each of our models compared to the baseline RCP model. Additionally, Figure 4 , Figure 5 , and Figure 6 show the nature of graphs for precision, recall, and nDCG respectively for the RCP, ATD, PG, and MPG models at ranks m = 1 to 5.
These results show that, in terms offline metrics, all the our subsequent models are better than the baseline RCP. They also show that the RCP and ATD models are much worse than both the both the PG and MPG models. It should be noted here that both the PG and MPG models are Bayesian in nature which enables them to use a customer's personalized purchase signals in addition to the aggregate purchase behavior. This is likely the reason why they are superior to the RCP and ATD models which only use the aggregate purchase behavior. The results also demonstrate that the MPG model is best overall. One possible reason for the superiority of the MPG model is that in addition to the personalized signal, it combines the both time and time-independent signals for generating recommendations while also ensuring that its time-model is adapted for the recommendations use case.
ONLINE EXPERIMENTS
While offline metrics are informative, the true test of a recommendations model is online, where we can measure its impact on customer behavior in a production setting. To measure the value of repeat purchase recommendations in production setting, we built a new feature called Buy It Again (BIA) that displays the standalone repeat purchase recommendations generated by our models. Figure 7 shows the BIA recommendations feature for an anonymous random customer on the personalized recommendations page of the Amazon.com website. We then tested the BIA feature and our models for generating BIA recommendations on the Amazon.com website through online A/B tests that were run for 14 days each. During the A/B tests, the traffic was divided randomly and equally between control and treatment resulting in tens of thousands of impressions per day for each and the models were updated once every day after midnight. 
Metrics
As noted previously, the success of recommendations on an e-commerce website is measured through an online A/B test. The goal of an A/B test is to measure the difference in customer engagement between the control and treatment sets and use that as the successmetric for the A/B test. One commonly used customer engagement metric in A/B testing is the click through rate (CTR). Thus, in our A/B tests below, we used the lift in CTR for products shown on the personalized recommendations page of the Amazon.com website between the control and treatment sets as the success-metric for our experiments. We should note that while we only report CTR here, we also tracked other important e-commerce metrics (e.g., products purchased) in our A/B tests and found these metrics to be positively correlated with CTR.
Results
As noted previously, we tested the BIA recommendations feature and our models for generating BIA recommendations on the Amazon.com website through online A/B tests. We ran these A/B tests on the personalized recommendations page of the Amazon.com website. Here is the summary of the A/B tests that we ran: We did not test the RCP and PG models online due to the negative customer feedback we received from internal beta customers about these model recommending products too early. Table 2 summarizes the results of the online A/B tests. The table shows that the first A/B test, which introduced the BIA recommendations feature on the personalized recommendations page of the Amazon.com website using the ATD model, resulted in a 7.1% increase in the CTR for products on that page in treatment. Aside from the fact that this increase is statistically significant (p < 0.01), a 7.1% increase in CTR is considered a large difference for a website like Amazon.com where both control and treatment get tens of thousands impressions per day. This A/B test shows the relative value the BIA recommendations feature in comparison to the other recommendations on the personalized recommendations page of the Amazon.com website. It should be noted that during this A/B test, the BIA recommendations feature had the same customer experience as the other recommendations features on that page and displaying BIA recommendations often resulted in another recommendation feature not being shown on the page. Table 2 also shows that the second A/B test, which compared the relative quality of BIA recommendations generated by the ATD and MPG models, results in a 1.3% increase in CTR for products on the personalized recommendations page of the Amazon.com website in treatment. This increase is also statistically significant (p < 0.05) and confirms the result from the offline experiments that the MPG model is significantly better than the ATD model.
CONCLUSION AND FUTURE WORK
Repeat purchase recommendations is an important area for e-commerce that has been relatively unexplored. Our current experiments with various repeat purchase recommendations models have shown positive results both in offline and online settings with the online experiments demonstrating over 7% increase in click through rate for products on the Amazon.com personalized recommendations page. Since the success of these experiments, the Buy it Again recommendations feature has been A/B tested successfully on various pages on the Amazon.com website and the Amazon mobile app including the Amazon home page. The feature has also been successfully A/B tested and launched on Amazon websites and Amazon mobile app in different countries (e.g., Germany, India, Japan, etc.).
In future, we plan to experiment with various other models. Firstly, we are planning to explore some recent models that are inspired by the NBD model [6] , but which model some additional useful factors, like the BG-NBD model [8] . Secondly, we are exploring the use of customer behavior data, collected from the customer interactions with our widgets, to build supervised learning models like Logistic Regression [11] to help in improving the quality of our recommendations. These models make it easy to incorporate additional customer and product features that might help in improving both candidate selection and ranking for repeat purchase recommendations. Finally, we are also exploring the use of matrix factorization [11] and neural networks [11] for generating repeat purchase recommendations.
